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Abstract

We examine the computational problem of generating all maximal models of a Boolean expression in CNF. We give a
resolution-like method that reduces the unnegated variables of an expression while preserving its set of maximal models.
We present an output-polynomial algorithm for the 2CNF case and we show that the problem cannot be solved in output-
polynomial time in the case of Horn expressions, unlessNP, despite an affinity of this case to the recently subexponentially
solved transversal hypergraph problem. The problem is of course trivial for 1-valid and anti-Horn expressions, and open for
exclusive-ors; it is NP-hard in all other cases2000 Elsevier Science B.V. All rights reserved.
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1. Introduction but instead in time polynomial in the size of the input
and the output. There has been a recent surge of inter-
There are two useful and informative styles of rep- est in such algorithms, callexlitput-polynomial algo-
resenting a Boolean expression: thatacticone, in rithms[13,17]. The most notable result in this area is
which the expression is given by its logical represen- an incrementally output-subexponential algorithm for
tation, often in conjunctive normal form (CNF), and generating all minimal transversals of a hypergraph, a
the semanticone, in which the expression is given in  central and long unresolved question [8,12,6].
terms of itsmodels(that is, its satisfying truth assign- One is often interested not in all models of a
ments). The computational complexity of translating Boolean expression, but in the most “representative”
between these two representations has recently beerpr “natural” ones. For example, concepts of proposi-
the subject of extensive study (see, for example, [14, tional circumscription [3] and minimal diagnosis [5]
15,7]). An interesting problem in this regard is, given restrict interest in the set of models of an expression
a CNF expression, to generate all its models. Since that areminimal Moreover, finding anaximalmodel
the number of models may grow exponentially, one is an essential task in model-preference default infer-
cannot hope to solve this problem in polynomial time, ence [20]. A model is maximal if there is no other
model that is componentwise greater than or equal to
~ 7 Research supported by the University of Patras Research Com- It mlnlmal_ls_ the OppOSIt_e. Complexity questions I‘e-
mittee (Project Caratheodory under contract no. 1939). lated to minimal or maximal models have been dis-
* Corresponding author. cussed in [3,4]. This consideration suggests the fol-
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lowing computational problem (we concentrate on the
version regarding maximal models; with rare excep-
tions pointed out, the corresponding problem with
minimal models has the same complexity): Given a
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ros (respectively, all ones) truth assignment. A clause
is calledHorn if it contains at most one positive lit-
eral. AHorn expressioris a set of Horn clauses. If all
clauses are purely negative, we hayeusely negative

Boolean expression, generate all its maximal models expressionAn anti-Horn clause has at most one neg-

(GENERATE ALL MAXIMAL ).
Naturally, for general expressions the problem can-
not be solved in output-polynomial time, unless=P

ative literal. We also consider two other special cases
of expressions: a 2CNExpressioris a CNF expres-
sion with at most two literals per clause. Finally, an

NP. Even in the special case of all-negative clauses (no exclusive-oexpression is a system of equations of the
positive literal appears in the expression), the problem form Ax = b mod 2, whered is a 0-1 matrixp a 0-1

is equivalent to the generation of all minimal transver-
sals of a hypergraplTRANSVERSAL HYPERGRAPH
problem), arguably the most important problem in this
area. (For all-positive clauses it is, of course, trivial.) It
was shown in [8] tharRANSVERSAL HYPERGRAPH
can be solved in output-subexponential time while a
heuristic algorithm with good performance in prac-
tice was recently presented in [16]. Certain algorith-
mic approaches tGENERATE ALL MINIMAL are pre-
sented in [1]. We examine the case of Horn expres-

vector, andv is a vector of variables. We may consider
such a system as a conjunction of “clauses”, where
each equation is regarded as a clause.

A modelm of a CNF expressiow is a satisfying
truth assignment ofp (we write m £ ¢). For an
exclusive-or expression, a model is a 0-1 vector that
satisfies all equations. We write(x) = 1 (orm(x) =
0) to denote thatrz assigns 1 (or O, respectively) to
variablex. If m andm’ are models, we say that < m’
if m(x) =1 impliesm’(x) = 1. Modelsm andm’ are

sions that are in some sense the next step from thesaid to beéncomparablef neitherm <m’ norm’ <m

all-negative ones. Despite the superficial similarity be-
tween GENERATE ALL MAXIMAL for Horn expres-
sions andTRANSVERSAL HYPERGRAPH we show
that the former is NP-hard (Theorem 4). However, we

holds. A modeln is maximalif no other modeln’
such thatm < m’ exists. Minimal is the opposite.
Let modelgp) denote the set of models @f and
maximal¢) denote the set of all maximal models of

present an output-polynomial algorithm that generates ¢. Obviously, all models irmaximal(¢) are pairwise

all maximal models in the 2CNF case. This algorithm

uses a technique that may be useful in practice for re-

ducing the complexity of the general problem: We give

incomparable. Deciding whethanodel$¢) # @ is
the well-known satisfiability problem EAT) which
in its generality is NP-complete [10]. A Dichotomy

a resolution-like procedure (Theorem 1) that reduces Theorem was shown in [19], establishing that the only

the number of positively-occurring variables, and thus
brings the problem closer to tHlRANSVERSAL HY-
PERGRAPH without changing the set of maximal
models. A related procedure, but within the context of
guery answering in circumscription, was given in [18].
Finally, GENERATE ALL MAXIMAL for exclusive-or
expressions is left as a very interesting open problem.

2. Definitions

Let X = {x1,...,x,} be a set of variables. At-
eral is either a variablefositiveliteral) or its nega-
tion (negativditeral). A clauseis a disjunction of one
or more literals. ABoolean expressioim conjunctive
normal form(CNF) is a set (conjunction) of clauses
¢ ={C1,Co,...,Ci}. A clause is called @alid (re-
spectively, lvalid) [19] if it is satisfied by the all ze-

polynomial-time solvable cases sT are precisely
the six ones introduced above; in all other cases

is NP-complete. Schaefer’s result is actually more
general and includes the classygineralized formulas
whose clauses’ truth value is determined according
to an arbitrary truth table, or Boolean relation, of
bounded arityk. It was also shown in [15] that
the problem of generatingll models of a Boolean
expression has a dichotomy theorem akin to that
of [19].

Complexity theory has traditionally focused on
decision problems. Certain computational problems,
however, require output that may be exponentially
larger than the input. The only hope for such prob-
lems is the existence of a polynomial algorithm in
both the input and the output. Such algorithms are
calledoutput-polynomialA slightly stronger require-
ment is that the algorithm generates a new output bit
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in time polynomial in the inputand the output so
far. These latter algorithms are callécrementally
output-polynomia[13,17]. One of the most interest-
ing problems in this regard is tTERANSVERSAL HY-
PERGRAPHproblem defined next: AypergraphH is

a family of sets{S1, ..., S,} over some universe [2].
Thetransversal hypergrapbf H, tr(H), is the family

of all minimal hitting sets of, that is, all set§” such
that

(a) T intersects alk sets ofH, and

(b) no proper subset df does.

A hypergraph isimpleif no hyperedge is totally con-
tained in another on.RANSVERSAL HYPERGRAPH

is the problem of generating(f{) given a simple hy-
pergraph, and is a common subproblem in many
applications, including databases [11], distributed sys-
tems [9], etc. The precise complexity of this problem
is still unknown. However, it was shown in [8,12] that
it can be solved in time @'°9¢), wherec is the com-
bined size of the input and the output. Recently, a
heuristic algorithm with good performance in practice
was presented in [16].

The main concern of this paper is the follow-
ing computational problem: Given a Boolean expres-
sion ¢, generate all its maximal modelSENERATE
ALL MAXIMAL ). Notice that for purely negative ex-
PressionssENERATE ALL MAXIMAL is precisely the
TRANSVERSAL HYPERGRAPH the setsS; being the
clauses and each element $ph corresponding to a
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y appears unnegated, negated, and does not appear
at all, respectively. Hencep = S, U S5 U A,. Let
K;=(C;vy)beaclauseir,, i=1,...,|S,|, and
K;=(D;vy)beaclauseidy, j=1,...,|S;5|. Here

by C; and D; we denote the disjunction of all other
variables (apart fromy) that appear ink; and K,
respectively. Theesolventof K; and K ; with respect

to y is defined as the claug€; v D;). Finally, letR,

be the set of resolvents with respecttof all pairs of
clauses ins, andSs, thatis

R, ={CiVvD;|(Civy)eS,,(D;Vy) e S5}

Consider now the expressiafy, = R, U S5 U A,.

It is easy to see thamodelgp) € modelggp,) (by

the resolution rule) but the converse does not hold.
Although¢ and¢, may have different sets of models,
the next theorem states that their sets of maximal
models are identical:

Theorem 1. Let ¢ be an arbitrary CNF expression
and ¢, be theCNF expression produced from as
described above. Then maxirtal = maximalg,).

Proof. We first show thamaximal¢) € maximalg,).
Let m be a maximal model op. Then,m is a model
of ¢,. To show thain € maximal¢,), assume to the
contrary that there exists a maximal moael of ¢,
such thatn’ > m. If m'(y) =1, thenm’ satisfies all
clauses ins, and thereforen’ € model$g). This con-

negated variable in the clause. Thus, the generation oftradicts the fact that»’ > m and m € maximal¢).

all maximal models of a purely negative CNF expres-

Thus, m’(y) = 0. Hence, there exists at least one

sion can be done in incremental subexponential time clause(Dy v ) € S5 such thatDy is not satisfied

by the algorithm of [8].

3. Elimination of positive variables

The presence of positive literals in a Boolean ex-
pression forbids the direct application of the algorithm

of [8]. In this section we present a procedure that trans-

forms an arbitrary CNF expressiagh into a purely
negative one while preserving its maximal models.
Thus, the generation of all maximal models¢gotan
be done by the algorithm of [8].

Let us viewg as a set of clauses= {K1, Ko, ...,
K5} defined on the set of variable¥ and let
y be an arbitrary variable inX. Then, S can be
partitioned into three subsess, S5, andA,, where

by m’ (otherwise, the vecton” with m”(y) =1 and
m”(x) = m’(x) for everyx # y, would be a model
of ¢, such thatm” > m’ > m). Model m" satisfies
all resolvents(C; v Dy), i =1,...,1S,[, in R, and
therefore all clause§; in S,. Thus,m’ € model$e).
However, this can not hold since’ > m andm €
maximal¢). Hence/n € maximal¢,).

For the opposite direction, let € maximalg,). If
m(y) = 0 then there exists at least one claubg Vv y)
in S5 that is not satisfied by: (otherwise, the vector
m' such thatm’(y) = 1 andm’(x) = m(x) for every
x # y, would be a model of, such thatm’ > m).
Sincem satisfies all resolvents iR,, m satisfies all
(Ci v Dy, i =1,...,15,], and thereforen satisfies
all C; in S,. Hence,m is a model ofg. If m(y) =1
then againn satisfies all clauses df,. In any case,
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a maximal modeln of ¢, is a model of¢. Suppose Berge’s theorem stating that if a hypergraph is
now thatm ¢ maximal(¢). Then there exists a model simple, then ttr(7)) = H [2]. A straightforward re-

m’ such thatn’ > m andm’ € maximal¢). Butm’ € sult is that, if  andG are simple hypergraphs, then
modelgg,). Hence, there exists a model of ¢, such tr(H) = tr(G) if and only if H = G (see, also, [6]).
thatm’ > m, a contradiction. O As already mentioned, a purely negative CNF ex-

pression corresponds to a hypergraph; accordingly, a
Repeated applications of Theorem 1 for every pyrely negative CNF expression where no clause is
variable having at least one unnegated appearance willgypsumed by another one corresponds to a simple hy-
result in a CNF expression which has the same set of pergraph. Since the above expression contains no sub-
maximal models as the given one but no unnegated symed clauses, no other purely negative CNF (with-

variables. Thus, the given instance is transformed into 5yt subsumed clauses) having the same set of maximal
a purely negative CNF which is equivalent to the yodels exists. O

TRANSVERSAL GENERATION problem and can be

solved by the algorithm of [8]. However, the question  Nevertheless, when the number of variables having
emerging here is how big the produced expression 4t |east one positive occurrence is constant or even
can become after repeated applications of the theorem.o(|og logm) (notice that here we count the variables

We next show that the final set of clauses can be ;i at least one positive occurrence, not the positive
exponentially large even for simple Horn expressions. |iterals in total), Theorem 1 together with the algo-

. . ) rithm in [8] establish the following:
Proposition 2. There is a Horn expressiow for

which the smallest purely negativeNF expression
with the same set of maximal models is exponentially
larger thang.

Corollary 3. Let ¢ be a CNF expression withm
clauses andO(loglogm) positively occurring vari-
ables. Then there is an incremen@{mPY109m)) g|-

Proof. Consider the irredundant Horn expression de- gorithm for generating the maximal models¢of

fined on 3 variables, with 2 + 1 clauses:

¢ = </\(xi V yi1) A (xi V Yi2)

) 4. Generating maximal models
VAN
i=1

In this section we address the problem of generating

(X1 V-V Xy). all maximal models of an arbitrary CNF expression
We apply Theorem 1 t¢ for then variablesyy, . . ., x, ¢. As already stated, this problem is satisfactorily
in turn, that have positive appearance. Since;aflare solved for purely negative expressions. A more general

different, no resolvent will be subsumed by any other case is to consider arbitrary monotone expressipns (
clause during the whole process. By this we mean is monotone ifty > # implies ¢(r1) > ¢(t2), where
that no resolvent will be a logical implication of any 1 and, are truth assignments @f). This problem
other clause. Thus, once a resolvent is constructed,can also be reduced to the dualization of a monotone
it remains until the end. Initially, there is only one expression using the method described in [12].
clause that containg,. The application of Theorem 1 Naturally, all cases oBAT for which discovering
for variablex; results in 2 resolvents containing the one maximal model is hard, are also hardé@NER-
literal x2. Thus, at the resulting irredundant expression ATE ALL MAXIMAL . Therefore, all hard cases in the
X2 appears in 3 clauses. If we apply Theorem 1 Schaefer dichotomy are hard for our problem, too. As
for variable x2, the resulting expression will have 6 for the six easy ones, first observe that the problem is
more clauses angs will appear in 9 clauses in total.  trivial for 1-valid and anti-Horn expressions. For the
Continuing in the same manner, it is easy to see that 0-valid case however, it follows from [3, Theorem 3]
the final purely negative CNF expression hés-32n that checking the maximality of a model is co-NP-
clauses in total. complete. Hence, unlikeAT, GENERATE ALL MAX-
Notice now that no other purely negative CNF ex- IMAL is hard for O-valid expressions. We next show
pression with fewer clauses exists. This follows from that this also holds for the case of Horn expressions.
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To this end, we define a suitable decision problem
closely related toGENERATE ALL MAXIMAL . Let
INCREMENTAL MAXIMAL be the problem of deciding
whether, given an expressiop and a setM of
maximal models ofp, there exists another maximal
model of ¢ not contained inM. Notice that, if
GENERATE ALL MAXIMAL was solvable in output-
polynomial time for some class of expressions (say
in time O(cX), where ¢ is the combined size of
the input and the output ankd > 0 is a constant),
then INCREMENTAL MAXIMAL would be in P for

the same class of expressions: We could decide in

polynomial time whether there is no other maximal
model for the expression by running the output-
polynomial algorithm fOIGENERATE ALL MAXIMAL

for time at most @size¢, M)*) and checking if the
generated models are exactly thosén
Theorem 4. INCREMENTAL MAXIMAL is NP-com-
plete for Horn expressions.

Proof. Membership in NP is direct since checking
the maximality of a model of a Horn expression
is polynomial. To show completeness, we reduce
ONE-IN-THREE-3SAT, restricted to positive literals, to
our problem. This special case ONE-IN-THREE-
3sAT remains NP-complete [10] and in effect is the
following problem: Giverw items and a family ofn

sets each consisting of three items, is there a subset?

of items containing exactly one of the three items of a
set?
Consider an instance GNE-IN-THREE-3SAT,

f=/\¢
i=1

To construct an instanag of INCREMENTAL MAXI -
MAL, we introduce a variable; for eachC; and an-
other extra variable. For eachC; we construct the
sets of clauses

m
= /\(xi,l VXi2V Xi3).
i=1

Gi= {5y v D), 1=1.23]
and
Hi={(xi1VXi2Vvz)., Ei2VEi3Va),

(Xi3Vxi1va}
We also construct the set of clauses
Cy={Giva.i=1....,m}
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and the clause
C=(1V: - -VynVI).

The union of the above sets is a Horn expression
defined onn +m+ 1) variables, with at mog7m + 1)
clauses. To complete the construction, we define the
setM of the given maximal models af as the set of
vectorsy, ..., t,, defined on th&n +m + 1) variables,
where any arbitrary, in M assigns 1 ta, 0toy, Oto

the three variables appearing in cladse and 1 to the
rest of the variables. It is easy to see that every model
in M is a maximal model o.

Models inM are precisely the only maximal models
of ¢ assigning 1 ta. This holds since by assigning 1 to
z, at least one of the;’s has to be assigned 0. Hence,
all variables of the corresponding sgt must be 0.

No other variables, apart from the above ones, have to
be assigned 0. Thug, has indeed: maximal models
assigning 1 toz and, therefore, any other maximal
model of ¢, if it does exist, has to assign 0 to
Suppose now that there is a maximal madef ¢ not
contained inM. Sincer assigns 0 ta, everyy; has to

be assigned 0, too. In order foto satisfy every set of
clausedH;, at least two literals between 1, x; 2, and
xi 3 must be 0. Since is maximal, it has to assign 1
to at least one of them. Henceassigns 1 at exactly
one variable in each clause ¢f Thus,t specifies a
ne-in-three satisfying truth assignment far

For the converse, consider a one-in-three satisfying
truth assignment off. We construct a vector as
follows: Setz and ally;’s to 0 and sek;’s to the value
assigned by the one-in-three assignment. It is easy to
see that satisfiesp. Moreovery is incomparable with
any other maximal model ifd. Hencey is a maximal
model of¢ not contained in the given sé1. O

Corollary 5. Unless P = NP, there is no output-
polynomial algorithm that solves theENERATE ALL
MAXIMAL problem for Horn expressions.

In contrast, as the next theorem states, generating
the maximal models of 2CNF expressions can be done
in output-polynomial time:

Theorem 6. There is an output-polynomial time al-
gorithm for generating all maximal models oP&€NF
expression.
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Proof. Repeated applications of Theorem 1 on a
2CNF expression withe variables produce in time
O(n®) a purely negative CNF expression having at
most Qn?) clauses, since the resolvent of two 2CNF
clauses is also 2CNF and there are at mogt2D
2CNF clauses that can be defined mnvariables.
The problem is then reduced to the generation of

all maximal independent sets of a graph and can be

solved in output-polynomial time by the algorithm
of[13]. O

In conclusion, we pose a very intriguing open
problem: Is there an output-polynomial algorithm
for generating all maximal solutions of systems of
equations modulo 2?
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