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In this paper we examine the problem of searching for some information item in the nodes of a fully
interconnected computer network, where each node contains information relevant to some topic
as well as links to other network nodes that also contain information, not necessarily related to
locally kept information. These links are used to facilitate the Internet users and mobile software
agents that try to locate specific pieces of information. However, the links do not necessarily point
to nodes containing information of interest to the user or relevant to the aims of the mobile agent.
Thus an element of uncertainty is introduced. For example, when an Internet user or some search
agent lands on a particular network node, they see a set of links that point to information that is,
supposedly, relevant to the current search. Therefore, we can assume that a link points to relevant
information with some unknown probability p that, in general, is related to the number of nodes
in the network (intuitively, as the network grows, this probability tends to zero since adding more
nodes to the network renders some extant links less accurate or obsolete). Consequently, since there
is uncertainty as to whether the links contained in a node’s Web page are correct or not, a search
algorithm cannot rely on following the links systematically since it may end up spending too much
time visiting nodes that contain irrelevant information. In this work, we will describe and analyze
a search algorithm that is only allowed to transfer a fixed amount of memory along communication
links as it visits the network nodes. The algorithm is, however, allowed to use one bit of memory at
each node as an ‘already visited’ flag. In this way the algorithm has its memory distributed to the
network nodes, avoiding overloading the network links as it moves from node to node searching for
the information. We work on fully interconnected networks for simplicity reasons and, moreover,
because according to some recent experimental evidence, such networks can be considered to be a

good approximation of the current structure of the World Wide Web.
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1. INTRODUCTION

The World Wide Web (or, for short, Web) grows daily by
a million electronic pages that are added to the hundreds
of millions of pages already on-line. The rapid and chaotic
growth of the Web makes information retrieval a challenging
task. Gathering reliable information relevant to a specific
topic of interest or taking accurate statistics about the Web
pages is difficult due to the lack of apparent structure and

organization. The Web can be viewed as a huge directed
graph where each node represents a page and each edge
from one node to another represents a hyperlink from one
page to another. Recent experimental studies suggest that
this Web graph has four components: first, there is a giant
strongly connected component where every two nodes are
reachable from one another through some path in the graph
(a sequence of links). This is the main Web, the part of the
Web that is the most well known. Then there is the old
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part of the Web whose pages are reachable from the main
part but its nodes cannot reach the main part. Also there is
the new part, containing pages that can reach the main part
but are not reachable from the main part. Finally, there is
another component containing the rest of the pages, other
small connected components and pages that link to the old
part or that are linked by the new part. The main part and the
old part of the Web graph are the so-called indexable Web.
This is the part that can be easily explored by most Web users
and search engines and contains the most useful content of
the Web. This model of the Web has been adopted and used
for the approximation of aggregate and selection queries
about Web pages via random walks, mainly in the indexable
Web [1]. Small modifications can be made to the natural
Web graph to obtain an undirected, regular, and strongly
connected graph. A crucial observation is that the minimum
number of hops for moving from a node to any other node
in the Web is bounded from above by a small constant [2].
Since this constant is very small compared to the size of
the Web, it would not be unrealistic to view the indexable
Web as a fully interconnected graph or clique. Moreover,
the structure of the Web graph exhibits the ‘small world’
properties defined in [3] that measure the separation between
two nodes of the graph (characteristic path length) and the
cliqueishness of a typical neighborhood of it (clustering
coefficient). These properties can be used to obtain more
relevant and accurate documents as a response to a query and
have been recently exploited by search engines to assess the
connectedness between communities in the Web (see [2, 4]).

Led by the above considerations, our starting point is
that the search for some item of information on the Web
can be modeled as the search for information in a fully
interconnected network. Thus, in this paper we study
the problem of searching for an item of information in
a completely interconnected computer network when, in
addition, the search algorithms are constrained to transfer
only a fixed amount of memory along communication links,
no matter how large the network is. This is a realistic
assumption since it is not desirable to have mobile search
agents that transfer unbounded amounts of memory along
communication links, since this would increase the flow
of data and overload the network. To aid the algorithms’
search, each network node contains a number of links
which, when followed by the algorithms, will lead to some
node of the network that contains some, hopefully, useful
information. However, some of the links may not be
properly updated, or they may lead to information that is not
useful with respect to a specific query. Therefore, we can
assume that the links lead to the desired information with
some bounded probability p that may depend on the number
of nodes in the network. This has as a consequence that the
responses of some of the nodes are misleading and, ideally,
should not be followed by the search algorithms. However,
a natural assumption is that the algorithms are unaware not
only of which nodes possess useful links but also of how
many of them exist in the network.

This ‘searching with uncertainty’ was introduced in
[5] for ring interconnected and toroidal interconnection

networks. The authors of that paper gave some high-
probability results about the number of steps required to
reach the information node and had proposed as a research
question to study the problem on fully interconnected
networks, a question that was addressed in [6]. In this latter
paper, various classes of algorithms were considered for
searching in the complete network and they were classified
according to whether they have unbounded or fixed memory
and whether they can use randomness or not. A general
lower bound of 1/p was proved for the expected number of
steps for any search algorithm in the complete network, and
it was shown that no deterministic, fixed memory algorithm
can terminate in a finite expected number of steps. It was
also shown that deterministic and randomized algorithms
require the same expected number of steps, namely O(1/p).
In all variants however, as opposed to the variant considered
in this paper, the search algorithms transferred their memory
along the network links. Since the amount of this memory
can be as large as the number of nodes, this may cause
increased link traffic.

Search problems that incorporate some degree of
uncertainty or nondeterminism have been considered
extensively in the past. One of the best known and
most thoroughly studied is the routing problem for various
computer network topologies in the presence of faulty nodes
(see [7, 8, 9, 10, 11]). The routing problem differs from
the problem we consider here; in the former problem the
identity of the target node is known in advance, and what
is required is to follow a shortest path to reach it, when
some of the nodes or the interconnections may be faulty. On
the other hand, graph search problems where the identity of
the target node is not known have been considered in the
past in deterministic search games. Here a fugitive with
some characteristics that define the search variant (e.g. it
may be moving constantly, or it may move only when some
searcher is about to visit the node at which it resides) hides
in the nodes of the graph; the aim is to capture it using the
smallest possible number of searchers (see, for example, [12,
13, 14]). Deterministic algorithms that explore graphs with
unknown topology have been studied in [15, 16]. There
also exists a class of games called stochastic games in
which the opponents employ move strategies involving a
probability transition matrix (see [17]). A description of
games called ‘Geometric Games’, that involve searching for
hidden subsets of a set, is given in [18]. Moreover, searching
with uncertainty (by asking an oracle) in sets of distinct
items has also been considered (see [19, 20, 21, 22], for
example).

In what follows, we will describe an algorithm for locating
an information item that resides in one of the nodes of a fully
interconnected network. The algorithm exploits the nodes’
links to obtain help in the identification of this node. We
will assume that a link in a node returns a correct link to the
information node with probability p which, in general, may
depend on the number of nodes. At each step, and as long
as the information node has not been found, the algorithm
queries the currently visited node. Then the algorithm sets
an ‘already visited’ flag in the current node and follows
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the link returned. If at a later step it visits the same node
again, it refrains from following the same wrong link by
reading the ‘already visited’ flag and selects the next node
at random. This is also what an internet surfer would do if it
has followed a wrong link and after some steps it returns to
the Web page that contained the wrong link.

In the next section we first describe the network model we
adopt and how the nodes that provide incorrect information
are determined. Then we give the algorithm and analyze
its behavior. Since in practice the number of the links may
differ from one node to another, the analysis that follows
corresponds to the worst case. Also, for convenience in the
analysis, for all the nodes, we have the same probability
p that their links lead to the desired information. This
corresponds to choosing, as a worst case, the smallest
probability over all the nodes in the network (assuming
p > 0).

2. THE COMPUTER NETWORK MODEL WITH
THE UNCERTAINTY ELEMENT

The computer network is modeled as a complete graph on
n nodes, i.e. there exist communication links between every
pair of nodes. Each node contains (i) an identity number
and (ii) a link that provides the identity (network address)
of the node that stores some information item. However,
the link points to the right node (wrong node) only with
some probability p (q = 1 − p, respectively) that may
depend on the number of nodes in the network. To model
this uncertainty, we do the following.

(i) Initially, a node is chosen at random and is considered
to possess the information item. The links of the node
are set to point to the node itself.

(ii) Each of the remaining nodes are chosen with
probability p to contain a correct link to the information
node. Those who are not chosen, select at random a
node other than the information node and themselves
and set their link to point to it. No dynamic changes
are permitted as the search algorithm operates, after the
above have been determined.

For convenience in the analysis of our algorithm, we
assume that the information node is an extra node outside
the complete interconnected network (which contains n

nodes). Under this assumption, a node of the network is
characterized either as honest or liar. A node is called honest
if its link provides a correct link to the information node;
otherwise the node is called liar. This computer network
is equivalent to the previous one; locating the information
node is now equivalent to reaching an honest node. Notice
that this reformulation is equivalent for our algorithm, not
for any arbitrary one. An important consequence of this
simplification is that we require that at least one honest node
exists in the network since, otherwise, the algorithm would
never terminate. This is, however, not too restrictive since
in what follows we will require p = ω(1/n) so that the
expected number of honest nodes is pn� 1.

3. A DISTRIBUTED MEMORY ALGORITHM

In this section we will present Algorithm 1 whose memory
is distributed among the network nodes. The only help it
receives when it reaches a node is a single bit which is
initially set to 0 (we say that it visits a white node) and the
algorithm changes to 1 (a red node) when it visits the node
for the first time. Therefore, whenever the algorithm visits
a red node, it knows it should not follow the node’s (wrong)
directions to the information node. The whole procedure
ends when an honest node is found. Of course the algorithm
still has to follow the link to finish (using one more step), but
this will not affect our analysis.

When lines 10 or 14 are executed, the current step is
considered complete and the variable steps is increased.
When we say ‘at step i > 0’ we refer to the stage of the
execution of the algorithm where lines 9 or 13 have just
been executed. Also observe that the number of steps taken
by algorithm SDMB is unbounded. However, the expected
number of steps is bounded and close to 1/p.

Let us denote by qi the failure probability at step
i > 0, conditional upon failure in all previous step values,
0, 1, . . . , i−1. We also denote by ri the number of red nodes
after steps has assumed the value i. Obviously, r0 = 0,

r1 = 1, and r2 = 2. We also define the following two
(mutually exclusive) events:

• F i
w—failure at step i after the execution of lines

7–9 (i.e. failure after following the link given by a
previously white node);
• F i

r —failure at step i after the execution of line 13
(i.e. failure after encountering a red node and randomly
selecting one of the remaining ones).

By ‘Stepi = white (red)’ we denote that after the execution
of the ith step the algorithm has visited a white (red) node
while by ‘Stepi → liar (honest)’ we denote that at the
execution of the ith step the algorithm will visit a liar
(honest) node. Also, let Fi denote failure at step i and Ei

failure at steps 0, 1, . . . , i. (When i = 0 then Ei = ∅, the
empty event.) Then

qi = Pr[failure at step= i | failure at steps 0, 1, . . . , i−1]
= Pr[Fi | Ei−1] = Pr[F i

w | Ei−1] + Pr[F i
r | Ei−1]. (1)

Let us examine the first probability that appears in (1).
By definition, the probability of the event F i

w , under the
condition Ei−1, is equal to the probability that at step i − 1
the algorithm has reached a white node and this node is a liar
(it gives an incorrect link to the information node). That is,

Pr[F i
w | Ei−1]
= Pr[Stepi−1 = white | Ei−1]
× Pr[Stepi → liar | Stepi−1 = white, Ei−1].
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Algorithm: Search with Distributed Memory Bits (SDMB)
Input: A complete network (V ,E) and a node designated as the information node
Aim: Find the information node
1. begin
2. reds← 0 /* Counts the number of visited nodes. */
3. current = RANDOM(V ) /* The currently visited node. */
4. steps← 0
5. repeat
6. if current(color) = 0 begin /* A node not previously visited—‘white’ node. */
7. current(color)← 1
8. reds← reds + 1
9. current← current(link)
10. steps← steps + 1
11. end
12. else begin /* An already visited node—don’t follow the link. */
13. current← RANDOM(V -current)
14. steps← steps + 1
15. end
16. until current(information) = true /* Information node found. */
17. end.

ALGORITHM 1.

A liar node may be either one of the already red nodes of the
network or one of the white ones. Thus,

Pr[Stepi → liar | Stepi−1 = white, Ei−1]
= Pr[Stepi → red liar | Stepi−1 = white, Ei−1]
+ Pr[Stepi → white liar | Stepi−1 = white, Ei−1]
= Pr[Stepi → red | Stepi−1 = white, Ei−1]
× Pr[Stepi → liar | Stepi = red,

Stepi−1 = white, Ei−1]
+ Pr[Stepi → white | Stepi−1 = white, Ei−1]
× Pr[Stepi → liar | Stepi = white,

Stepi−1 = white, Ei−1]
= ri−1 − 1

n− 1
1+ n− 1− (ri−1 − 1)

n− 1
q.

Therefore

Pr[F i
w | Ei−1]
= Pr[Stepi−1 = white | Ei−1]
×

[
ri−1 − 1

n− 1
+ q

(
1− ri−1 − 1

n− 1

)]
.

The second probability in (1), under the condition Ei−1, is
equal to the probability that at step i − 1 the algorithm has
reached a red node and this node is a liar, i.e.,

Pr[F i
r | Ei−1]
= Pr[Stepi−1 = red | Ei−1]
× Pr[Stepi → liar | Stepi−1 = red, Ei−1].

Using the same analysis as above, we have that

Pr[Stepi → liar | Stepi−1 = red, Ei−1]
= Pr[Stepi → red liar | Stepi−1 = red, Ei−1]
+ Pr[Stepi → white liar | Stepi−1 = red, Ei−1]
= Pr[Stepi → red | Stepi−1 = red, Ei−1]
× Pr[Stepi → liar | Stepi = red,

Stepi−1 = red, Ei−1]
+ Pr[Stepi → white | Stepi−1 = red, Ei−1]
× Pr[Stepi → liar | Stepi = red,

Stepi−1 = white, Ei−1]
= ri−1 − 1

n− 1
1+ n− 1− (ri−1 − 1)

n− 1
q.

Therefore

Pr[F i
r | Ei−1]
= Pr[Stepi−1 = red | Ei−1]
×

[
ri−1 − 1

n− 1
+ q

(
1− ri−1 − 1

n− 1

)]
.

By adding the above probabilities we have

qi = Pr[Stepi−1 = white | Ei−1]
×

[
ri−1 − 1

n− 1
+ q

(
1− ri−1 − 1

n− 1

)]
+ Pr[Stepi−1 = red | Ei−1]
×

[
ri−1 − 1

n− 1
+ q

(
1− ri−1 − 1

n− 1

)]

= q + ri−1 − 1

n− 1
(1− q). (2)

We will use this expression in the proof of Theorem 4.2
where we will need the fact that qi is a nondecreasing
function of i since ri is nondecreasing.
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Expression (2) also quantifies the intuition that during the
first steps, where ri is small compared to n, the distributed
memory algorithm fails with probability q . At later steps,
as ri increases towards n, the probability of failure gradually
increases from q to 1, as expected.

4. THE DYNAMIC BEHAVIOR OF THE
DISTRIBUTED MEMORY ALGORITHM

Let X be the random variable that counts the number of
liar nodes in the complete network. Obviously, the random
variable X follows the binomial distribution with parameters
n and q . Consider now the conditional subspace of all
completely interconnected networks containing X = k liars,
k < n. We shall show that if we apply the SDMB algorithm
in a network with k liars, the probability of failure of the
algorithm at each step does not depend on the evolution of
the number of red nodes.

Initially, we randomly choose one node from the n

possible nodes of the network as the starting node of the
algorithm (this is step 0). The probability of the starting node
being a liar is k/n. Let S be the random variable that counts
the numbers of steps of the algorithm, S = 1, 2, . . . (exactly
the same as the variable steps in the algorithm, only shorter
for convenience). Then the following holds:

THEOREM 4.1. Suppose that the complete network con-
tains X = k liars, 2 ≤ k < n. Then the probability that the
algorithm terminates after t steps, t ≥ 2, is

Pr[S = t | X = k] = k

n

(
k − 1

n− 1

)t−2 (
1− k − 1

n− 1

)
,

while the above probability is equal to (1−k/n) when t = 1.

Moreover,

Pr[S = t | X = 0] =
{

1, for t = 1,

0, for t > 1,

and

Pr[S = t | X = 1] =




1− 1/n, for t = 1,

1/n, for t = 2,

0, for t > 2.

Proof. The cases k = 0, 1 are easy. The case where k ≥ 2
and t = 1 is easy too. Therefore, we will be concerned with
the case where k ≥ 2 and t ≥ 2.

The probability that the algorithm terminates after t steps
is equal to the probability that in the (t − 1)th step the
algorithm reaches an honest node for the first time, i.e. a

node that points to the information node. Thus,

Pr[S = t | X = k]
= Pr[Step0 → liar ∧ . . . ∧ Stept−2→ liar

∧ Stept−1→ honest | X = k]
= Pr[Step0 → liar | X = k]
× Pr[Step1 → liar | Step0 = liar,X = k]
× . . . Pr[Stept−2→ liar | Step0 = liar

∧ . . . ∧ Stept−3 = liar,X = k]
× Pr[Stept−1→ honest | Step0 = liar

∧ . . . ∧ Stept−2 = liar,X = k].
Since at Step0 the starting node is chosen uniformly
at random, the probability of this node being a liar is
Pr[Step0 → liar | X = k] = k/n. For the computation
of Pr[Step1 → liar | Step0 = liar,X = k], notice that since
the node mentioned in the conditional is white, the algorithm
has to follow its link. Now each liar node had, initially, set
its link to point to a randomly selected node of the network.
The probability that the selected node was a liar is therefore
(k − 1)/(n− 1). Thus,

Pr[Step1 → liar | Step0 = liar,X = k] = k − 1

n− 1
.

To compute Pr[Step2 → liar | Step0 = liar ∧ Step1 = liar]
observe that at Step1 there exists one red (i.e. already visited)
node (the starting node) and the current node is thus a liar
(from the conditional) and white. Since the node is white,
the algorithm again follows the node’s link. Therefore

Pr[Step2 → liar | Step0,1 = liar,X = k] = k − 1

n− 1
.

Consider now the case where the algorithm is at step 3.
The complication is that the current node may be now either
white or red. Therefore the probability Pr[Step3 → liar |
Step0,1,2 = liar,X = k] must be decomposed:

Pr[Step3 → liar | Step0,1,2 = liar,X = k]
= Pr[Step3 → liar ∧ Step2 = white

| Step0,1,2 = liar,X = k]
+ Pr[Step3 → liar ∧ Step2 = red

| Step0,1,2 = liar,X = k]
= Pr[Step2 = white | Step0,1,2 = liar,X = k]
× Pr[Step3 → liar | Step0,1,2 = liar,

Step2 = white,X = k]
+ Pr[Step2 = red | Step0,1,2 = liar,X = k]
× Pr[Step3 → liar | Step0,1,2 = liar,

Step2 = red,X = k].
When a white node is encountered, the algorithm follows the
node’s link. Since this node is a liar, the link is not correct
and the node will point to one of the remaining n− 1 nodes
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of the network, k − 1 of which are liars. Thus,

Pr[Step3→ liar | Step0,1,2 = liar, Step2 = white,X = k]
= k − 1

n− 1
.

On the other hand, when a red node is reached, the algorithm
does not follow the node information and uniformly it
chooses a node among the other n− 1 nodes, to visit. Since
the current node is a liar,

Pr[Step3 → liar | Step0,1,2 = liar, Step2 = red,X = k]
= k − 1

n− 1
.

Notice also that the probabilities Pr[Step2 = white |
Step0,1,2 = liar,X = k] and Pr[Step2 = red | Step0,1,2 =
liar,X = k] are complementary and their sum is equal to 1.
By adding the above two probabilities, we have that

Pr[Step3 → liar | Step0,1,2 = liar,X = k] = k − 1

n− 1
.

It is easy to see that this observation is also true for the next
t − 1 steps of the algorithm.

We will now compute the probability that the algorithm
reaches an honest node at the tth step, an event that occurs
when the test in line (16) of the algorithm is successful. This
probability is decomposed:

Pr[Stept → honest | Step0,1,...,t−1 = liar,X = k]
= Pr[Stept → honest∧ Stept−1 = white

| Step0,1,...,t−1 = liar,X = k]
+ Pr[Stept → honest ∧ Stept−1 = red

| Step0,1,...,t−1 = liar,X = k]
= Pr[Stept = white | Step0,1,...,t−1 = liar,X = k]
× Pr[Stept → honest | Step0,1,...,t−1 = liar,

Stept−1 = white,X = k]
+ Pr[Stept = red | Step0,1,...,t−1 = liar,X = k]
× Pr[Stept → honest | Step0,1,...,t−1 = liar,

Stept−1 = red,X = k].

The probability the algorithm reaches an honest node
starting from a white node that is liar is

Pr
[
Stept → honest | Step0,1,...,t−1 = liar,

Stept−1 = white,X = k
]

= (n− 1)− (k − 1)

n− 1

= 1− k − 1

n− 1
.

When the node is red, the probability of reaching an honest

node remains the same:

Pr
[
Stept → honest | Step0,1,...,t−1 = liar,

Stept−1 = red,X = k
]

= (n− 1)− (k − 1)

n− 1

= 1− k − 1

n− 1
.

Thus,

Pr[Stept → honest | Step0,1,...,t−1 = liar,X = k]
= 1− k − 1

n− 1
.

This completes the proof of the theorem.

In the following theorem, we will prove that if t = o(1/p)

and p = ω(1/n) then SDMB locates the information node
in at most t steps, almost surely.

THEOREM 4.2. Let p = ω(1/n) and p → 0. Then, the
probability that SDMB succeeds in at most t steps, t ≥ 2,
tends to 1 when t = ω(1/p) and to 0 when t = o(1/p).

Proof. The probability that the SDMB algorithm succeeds
in at most t steps is 1 minus the probability that it does not
succeed in any of the steps 0, 1, . . . , t:

Pr[SDMB succeeds in at most t steps]
= 1− Pr[SDMB fails at steps 0, 1, . . . , t]
= 1− Pr[SDMB fails at steps 0, 1, . . . , t | X = 0]
× Pr[X = 0]
− Pr[SDMB fails at steps 0, 1, . . . , t | X = 1]
× Pr[X = 1]

−
n−1∑
k=2

Pr[SDMB fails at steps 0, 1, . . . , t | X = k]

× Pr[X = k].
Observe that

Pr[SDMB fails at steps 0, 1, . . . , t | X = 0] = 0

and

Pr[SDMB fails at steps 0, 1, . . . , t | X = 1]
= Pr[SDMB fails at step 0 | X = 1]
× Pr

[
SDMB fails at step 1 | SDMB

failed at step 0,X = 1
]
. . .

= 1/n× 0× . . . = 0.

Thus,

Pr[SDMB succeeds in at most t steps]

= 1−
n−1∑
k=2

Pr
[
Step0 → liar ∧ . . .∧ Stept−1→ liar

∧ Stept → liar | X = k
]

Pr[X = k]

= 1−
n−1∑
k=2

k

n

(
k − 1

n− 1

)t−2 (
n

k

)
qk(1− q)n−k. (3)
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In general, the number of liar nodes is a fraction α ∈ (0, 1)

of the total number of nodes of the network, i.e. α = k/n. By
applying Stirling’s approximation for the factorial function,
it can be easily proved that(

n

k

)
=

(
n

αn

)
∼ 1√

2πnα(1 − α)

[
1

αα(1− α)1−α

]n

.

We set k = αn in (3) and obtain the following:

Pr[SDMB succeeds in at most t steps]
∼ 1−

∑
a

ααt−2 1√
2πnα(1 − α)

×
[(q

α

)α
(

1− q

1− α

)1−α
]n

. (4)

Our goal is to show that if the number of steps performed
by the algorithm is t = ω(1/p) then the probability in (4)
converges to 1. To this end, it suffices to have the sum in (4)
converge to 0. We observe that this sum contains n terms
(that is, polynomially many) of the form

ααt−2 1√
2πnα(1− α)

[(q

α

)α
(

1− q

1− α

)1−α
]n

for various values of α in the interval (0, 1). Thus, for the
sum in (4) to converge to 0 it suffices that all the terms of the
above form vanish exponentially fast. For the exponential
(in n) factors it holds that[(q

α

)α
(

1− q

1− α

)1−α
]n

→
{

0, α �= q

1, α = q.

Therefore, factors with α �= q vanish exponentially fast,
guaranteeing convergence to 0 of the terms that contain
them. For factors with α = q , it suffices to set t in a way
such that the other factor, αt , of the term vanishes:

αt = qt = (1− p)t ≤ e−pt → 0,

using the assumption t = ω(1/p). This establishes the
convergence to 0 of the terms with α = q and, consequently,
of all terms of the sum in (4).

From the expression for qi in Equation (2), qi = q +
(ri−1 − 1)/(n− 1)(1 − q), it follows that qi ≥ q for all i.
Therefore,

Pr[SDMB succeeds in at most t steps]

= 1−
t∏

i=0

qi ≤ 1− qt = 1− (1− p)t . (5)

Since e−x ∼ 1− x when x = o(1) we have that (1− p)t ∼
e−pt . Assuming that t = o(1/p) we have e−pt → 1 which,
in turn, drives the probability in (5) to 0 completing the proof
of the theorem.

We next prove that the expectation of the number of steps of
the algorithm SDMB is �(1/p).

THEOREM 4.3. The expected number of steps for algo-
rithm SDMB is, asymptotically, �(1/p) when p = ω(1/n).

Proof. The expectation of the random variable S than counts
the number of steps in lines 10 and 14 of the algorithm is the
following:

E[S] = E[S | X = 0] Pr[X = 0]
+ E[S | X = 1] Pr[X = 1] + . . .

+ E[S | X = n− 1] Pr[X = n− 1], (6)

with

Pr[X = k] =
(

n

k

)
qk(1− q)n−k.

From Theorem 4.1, when k = 0, 1, it holds that E[S | X =
0] = 1 and E[S | X = 1] = 1 + 1/n. Moreover, from the
same theorem, when X = k, 2 ≤ k < n, we obtain

E[S | X = k] =
∞∑
i=1

i Pr[S = i | X = k] = 1− k

n

+
∞∑
i=2

i Pr[S = i | X = k]

= 1− k

n
+
∞∑
i=2

i
k

n

(
k − 1

n− 1

)i−2 (
1− k − 1

n− 1

)

= 1− k

n
+

(
k

n
+ n− 1

n

k

n− k

)

= 1+ k

n− k + 1
+O

(
1

n

)
. (7)

Therefore, the expectation of S is

E[S] = (1− q)n +
(

1+ 1

n

)
nq(1− q)n−1

+
n−1∑
k=2

(
1+ k

n− k + 1
+O

(
1

n

))

×
(

n

k

)
qk(1− q)n−k

= (1− q)n +
(

1+ 1

n

)
nq(1− q)n−1

+
n−1∑
k=2

(
n

k

)
qk(1− q)n−k

+
n−1∑
k=2

(
k

n− k + 1
+O

(
1

n

)) (
n

k

)
qk(1− q)n−k.

(8)

After some straightforward algebraic manipulations and
using the fact that p = ω(1/n) in order to have some terms
converge to 0, expression (8) can be written as (remember
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p = 1− q):

1+
n−1∑
k=2

k

n− k + 1

(
n

k

)
qk(1− q)n−k +O

(
1

n

)

= 1+
n−1∑
k=2

(
n

k − 1

)
qk(1− q)n−k +O

(
1

n

)

= 1+ q

1− q
+O

(
1

n

)
= 1

p
+O

(
1

n

)
.

Thus,

E[S] = 1

p
+O

(
1

n

)
which, since p = ω(1/n), completes the proof of the
theorem.

5. CONCLUSIONS AND DIRECTIONS FOR
FURTHER RESEARCH

Searching for a piece of information in the World Wide Web
can be considered as searching in a fully interconnected
network with each node representing a Web page and
a directed edge between two different nodes modeling a
hyperlink from one node to the other. To model and
investigate this situation, in this paper we studied the
problem of searching for an information item stored in a
node of a completely interconnected network with n nodes
each of which, when queried, points to the node that actually
possesses the information with some bounded probability p

(generally a function of n). The algorithms considered are
only allowed to transfer a fixed amount of memory along
communication links (in contrast to [6]). However, they can
use a small amount of memory (1 bit) at each network node
(i.e. their memory is distributed to network nodes) simply
to remember whether the node was visited before or not
so that a wrong link is not followed twice. Assuming that
p = ω(1/n) in order to avoid the situation where with high
probability no node in the network points to the information
node (a fact stemming from a straightforward application
of Markov’s inequality), we described and analyzed an
algorithm that locates the information node in �(1/p)

expected number of steps. Finally, it would be interesting
to consider the problem of locating an information item in
more general classes of graphs and, in particular, d-regular
interconnection networks.
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